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1. Introduction

AdS/CFT duality [1, 2] has now been widely accepted and continues to be an important

laboratory to look for new aspects of gauge theories as well as string theory. The duality

however has not been rigorously proved and it is obviously important to find a further

support and confirm it furthermore. One of the difficulties is to solve type IIB string on

AdS5×S5 definitely. The Green-Schwarz action constructed by Metsaev and Tseytlin [3]

is too complicated to quantize it. Although it is suspected to be quantum integrable

since Bena, Polchinski and Roiban have pointed out the classical integrability of AdS

superstring [4], the attempts for the quantization have not succeeded yet. Thus it would

still be a nice direction to seek a soluble subsector.

Indeed, Berenstein, Maldacena and Nastase found a soluble sector of AdS/CFT [5]

by using the Penrose limit [6]. The action of AdS superstring is reduced to the pp-wave

string, which becomes a free massive theory on the flat world-sheet by taking a light-cone

gauge [7] and so it is exactly solvable [8].

A new soluble sector has been recently proposed by Gomis, Gomis and Kamimura [9]

with the so-called “non-relativistic limit” [10].1 In this limit the AdS superstring is reduced

1For non-relativistic limit of D-branes in flat space and AdS space, see [11 – 14] and [15, 16], respectively.
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to a free theory on the AdS2 world-sheet with a static gauge and it is a basically solvable

theory. The gauge theory counterpart has not been clarified yet though some observation

have been given in [9].

The non-relativistic limit is quite similar to the Penrose limit (For the comparison,

see table 1). This similarity leads to a speculation that the non-relativistic limit can also

be described as a semiclassical limit in the same way as the Penrose limit [17]. The pp-

wave string and Penrose limit are recaptured as a semiclassical approximation of the AdS-

superstring around a BPS particle rotating around the greatest circle in the S5 at the speed

of light [18]. On the other hand, in this paper we will show that non-relativistic limit is

nothing but a semiclassical approximation around a “static” configuration. Concretely, we

will reproduce the non-relativistic actions of string and D-branes, which have been obtained

in [9] and [19] respectively, from the semiclassical approximation. Here it should be noted

that the non-relativistic string action is nothing but the semiclassical action expanding

around a static AdS2 world-sheet previously obtained by Drukker, Gross and Tseytlin [20],

where a 1/2 BPS straight Wilson line [21] is inserted in the N=4 SYM side. What we will

show newly is the equivalence between AdS-brane actions in the non-relativistic limit and

those in the semiclassical limit. This shows that a non-relativistic limit is nothing but a

semiclassical limit around a static configuration.

The semiclassical interpretation of the non-relativistic limit leads us to argue the

AdS/CFT dictionary in the non-relativistic limit with the help of the symmetry argument.

Our argument is that a non-relativistic string state would correspond to small deformation

of a 1/2 BPS straight Wilson line. Unfortunately, it would be difficult to check the dic-

tionary by directly computing the anomalous dimension with perturbation theory because

no large U(1)R charge is included unlike the BMN case [5] and the BMN scaling technique

does not work at all.

The content of this paper is as follows: In section 2 we introduce the Dirac-Born-Infeld

(DBI) actions of D-branes on AdS5×S5 . The classical solutions, around which the actions

are expanded, are also discussed. In section 3 we reproduce the non-relativistic actions

from the semiclassical approximation. First the bosonic fluctuations are considered for

each of the branes. After that, the fermionic fluctuations are discussed since these are

almost the same for all the branes. In section 4 we argue the corresponding gauge-theory

side. Section 5 is devoted to a summary and discussions. Some conventions and notations

are collected in appendix.

2. Setup

Let us introduce the D-brane actions (including the F-string case) on the AdS5×S5 back-

ground and discuss static classical solutions around which the actions are expanded in a

semiclassical method.

2.1 The actions of strings and D-branes on AdS5×S5

The Dp-brane action [22] (see also [23]) is composed of the two parts, the Dirac-Born-Infeld

– 2 –
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pp-wave string non-relativistic string

limit Penrose limit non-relativistic limit

gauge light-cone static

8 bosons 8 massive 3 massive & 5 massless

transverse sym. SO(4)×SO(4) SO(3)×SO(5)

world sheet flat AdS2

classical sol. rotating particle (1/2 BPS) static AdS2 (1/2 BPS)

sym. of sol. U(1) SL(2,R)

the vacuum op. single trace op. Tr(ZJ) straight Wilson line

Table 1: pp-wave string vs. non-relativistic string

(DBI) part and the Wess-Zumino (WZ) part as follows:

S = SDBI + SWZ = Tp

∫

Σ
(LDBI + LWZ) (2.1)

where Tp =
(
gs(2π)pα′

p+1

2

)−1
is the tension of the Dp-brane.

The DBI action is given by2

LDBI =
√

s det(g + F) dp+1ξ , gij = LA
i LB

j ηAB , LA
i = ∂iZ

M̂LA
M̂

, (2.2)

where s = −1 for a Lorentzian brane while s = 1 for a Euclidean brane. LA and L are

supervielbeins on AdS5×S5 written in terms of the superspace coordinates ZM̂ = (XM , θα)

(For the concrete forms see appendix). Then F is a modified field strength F = F − B .

F = dA is a gauge field strength and B is (the pullback on the worldvolume of) the NS-NS

two-form

H = dB = iLAL̄ΓAσL , B = 2i

∫ 1

0
dt L̂A ˆ̄LΓAσθ (2.3)

where the symbol “hat” implies Ê = E(tθ) . In the case that we want to consider a single

F-string, the DBI part should be replaced by the Nambu-Goto (NG) action by turning off

the flux as SNG = SDBI|F=0 and the tension should also be replaced by T = (2πα′)−1.

The WZ part is characterized by a supersymmetric closed (p + 2)-form hp+2

hp+2 = dLWZ =
∑

n=0

1

n!
h(p+2−2n)Fn (2.4)

with

h(ℓ+2) =

√
s

ℓ!

[
LA1 · · ·LAℓL̄ΓA1···Aℓ

̺L + δℓ,3
iα

5
(ǫa1···a5

La1 · · ·La5−ǫa′

1
···a′

5
La′

1 · · ·La′

5)

]
(2.5)

2We suppressed the dilaton and axion factors here.
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where ̺ = (σ)−
p−3

2 iσ2 with σ = σ3 and −σ1 for Dp-brane and F-string, respectively. The

(p + 1)-dimensional form of the WZ term is

LWZ =

∫ 1

0
dt

[
C ∧ eF̂

]

p+1
+ C(p+1) ,

C =
⊕

n

2
√

s

(2n − 1)!
L̂A1 · · · L̂A2n−1 ˆ̄LΓA1···A2n−1

(σ)niσ2θ (2.6)

where C(p+1) is a bosonic (p + 1)-form satisfying hp+2

∣∣
bosonic

= dC(p+1) .

2.2 Classical static solutions

Here let us derive static D-brane solutions.

First we shall introduce some variation formulae for the supervielbeins and super spin

connections, which can be derived from the MC equations give in (A.6). The formulae are

as follows:

δLA = dδxA − ηBCδxABLC + ηBCLABδxC − 2iL̄ΓAδθ ,

δL = dδθ − α

2
δxAΓ̂Aiσ2L +

α

2
LAΓ̂Aiσ2δθ − 1

4
δxABΓABL +

1

4
LABΓABδθ ,

δLab = dδxab + 2α2Laδxb + 2ηcdL
acδxdb + 2iαL̄Γ̂abiσ2δθ , (2.7)

δLa′b′ = dδxa′b′ − 2α2La′

δxb′ + 2ηc′d′L
a′c′δxd′b′ + 2iαL̄Γ̂a′b′iσ2δθ ,

where we have introduced the following quantities:

δxA = δZM̂LA
M̂

, δxAB = δZM̂LAB
M̂

, δθα = δZM̂Lα
M̂

. (2.8)

It also follows from (2.3) that

δB = iδxAL̄ΓAσL + 2iLAL̄ΓAσL + d

(∫ 1

0
dt [δx̂A ˆ̄LΓAσθ − L̂Aδ ˆ̄θΓAσθ]

)
. (2.9)

Then, by using the variation formulae (2.7) and (2.9), a variation of the Dp-brane

action is derived as

δS = Tp

∫

Σ
dp+1ξ

1

2

√
s det(g + F)(g + F)ji(δg + δF − δB)ij

+Tp

∫

B

∑

n=0

[
1

n!
δh(p+2−2n)Fn +

1

(n − 1)!
h(p+2−2n)Fn−1δF

]
, (2.10)

where ∂B = Σ . For a classical solution this variation should be zero.

It is the standard procedure to impose some ansatz in finding a classical solution. First

let us impose that θ = 0 . Then (2.10) reduces to

δS = Tp

∫

Σ
dp+1ξ

1

2

√
s det(gB + F )(gB + F )ji

(
2eA

i ηABδLB
j |θ=0 + δFij

)

+Tp

∫

B

√
siα

3!

[(
ǫa1···a5

δLa1 |θ=0e
a2 · · · ea5 − ǫa′

1
···a′

5
δLa′

1 |θ=0e
a′

2 · · · ea′

5

) 1

(p−3
2 )!

F
p−3

2

+
1

5

(
ǫa1···a5

ea1 · · · ea5 − ǫa′

1
···a′

5
ea′

1 · · · ea′

5

) 1

(p−5
2 )!

F
p−5

2 dδA

]
,
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where gBij = eA
i eB

j ηAB and δLA|θ=0 = dδxA − ηBCδxABeC + ηBCωABδxC .

Furthermore we require that Ai = 0 . Then it further reduces to

δS = −Tp

∫

Σ
dp+1ξ

√
s det gBgji

B

(
∇ie

A
j + ωA

i BeB
j

)
δxA

+Tp

∫

B

√
siα

3!

[

δp,3

(
ǫa1···a5

(dδxa1 + ηbcω
a1bδxc) ea2 · · · ea5

−ǫa′

1
···a′

5
(dδxa′

1 + ηb′c′ω
a′

1b′δxc′) ea′

2 · · · ea′

5

)

+
1

5
δp,5(ǫa1···a5

ea1ea2 · · · ea5 − ǫa′

1
···a′

5
ea′

1ea′

2 · · · ea′

5)dδA

]

,

where we have partially integrated. The terms proportional to δp,3 and δp,5 can be deleted

by performing a partial integration and using the relation deA = −ηBCωABeC . This is

a consequence of dhp+2 = 0 . Then the remaining term (the first line) vanishes when the

following relation is satisfied:

∇ie
A
j + ωA

i BeB
j = 0 . (2.11)

For the static configuration XMi = ξi (i = 0, · · · , p) this relation can be derived as the

pull-back of the following relation to the world-sheet Σ:

∇MeA
N + ωA

MBeB
N = 0 , (2.12)

which follows from the definition of the spin connection ωA
M B = −eP

B∇MeA
P . Thus the

static gauge configuration is a trivial classical solution.

Besides it, one can find a generalized configuration represented by

XMi =

{
XMi(ξi) for i = 0, · · · , p

0 for i = p + 1, · · · , 9
. (2.13)

One can easily check that this solves (2.11) as follows. First we rewrite (2.11) as

(∇i∇jX
M + ∇iX

P∇jX
QΓM

PQ)eA
M = 0 (2.14)

where we have used (2.12). Defining ηM
i ≡ ∂iX

M (M ∈ {Mi|i = 0, · · · , p}) which is

invertible for the classical solution (2.13) one derives by using gklηM
k ηN

l = GMN

γk
ij∂kX

M = (gklηP
l ∂(iη

Q
j)GPQ + gklηP

i ηQ
j ηR

l GRSΓS
PQ)ηM

k

= ∂i∂jX
M + ∂iX

P ∂jX
QΓM

PQ (2.15)

which solves (2.14). Thus (2.13) is also a static Dp-brane solution but its parametrization

of the world-volume coordinates is slightly generalized. Even for the F-string case the same

solution can be derived. Hereafter we will concentrate on the solution (2.13).

The value of the classical action can be evaluated by putting the classical solution into

the action as follows:

Lc =
√

s det g0 dp+1ξ = det(e0)
A
i dp+1ξ =

1

2
ǫA0···Ape

A0

0 · · · eAp

0 , (2.16)

– 5 –
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1-brane 3-brane 5-brane 7-brane

(2,0), (0,2) (3,1), (1,3) (4,2), (2,4) (5,3), (3,5)

Table 2: The possible configurations of 1/2 BPS branes in AdS5×S5

where g0 = g|classical and eA
0 = eA|classical . The contribution (2.16) can be canceled out by

adding C(p+1) of the form

C
(p+1)
0 = −1

2
ǫA0···Ape

A0

0 · · · eAp

0 ,

only if one can find such a closed form that hp+2|classical = dC
(p+1)
0 . For the 1/2 BPS

D-branes we can easily show that

hp+2|classical = 0

and that dC
(p+1)
0 = 0, hence the classical action (2.16) can be canceled out by the flux

term. This cancellation is actually necessary for the consistent semiclassical approximation.

For the semiclassical approximation we need to take a large tension limit, which surely

corresponds to the limit operation in the non-relativistic limit. Thus, if the cancellation

does not occur, then the classical action diverges. That is why the cancellation is necessary.

It is helpful to remember a classification of possible 1/2 BPS configurations of D-

branes on AdS5×S5 (listed in table 2) [24, 25]. The notation of (m,n)-brane implies a

brane configuration whose worldvolume extends along m directions in the AdS5 and n

directions in the S5. Such a restriction against the directions has its roots in a 1/4 BPS

intersecting condition before taking the near-horizon limit [24]. The classification could

be reproduced in various ways, brane probe analysis [24], κ-invariance [25] and consistent

non-relativistic limit [19] or semiclassical limit as discussed here.

3. Quantum fluctuations around the static solutions

From now on we shall consider a semiclassical approximation of the D-brane action around

the classical solutions obtained in the previous section. As a result we see that the non-

relativistic D-brane actions are reproduced.

First of all, let us expand the D-brane action in terms of the fermionic variables θ:

LDBI =
√

s det(gB + F )

[
1 +

1

2
(gB + F )ji(gF − BF )ij

]
dp+1ξ + O(θ4) ,

LWZ = C(p+1) +
∑

n=1

−√
s

(2n − 1)!
eA1 · · · eA2n−1 θ̄ΓA1···A2n−1

(σ)niσ2Dθ
F p+1−2n

(p + 1 − 2n)!
+ O(θ4) ,

where gB , gF and BF are

gBij = eA
i eB

j ηAB , gF ij = 2ieA
(i θ̄Γ

BDj)θηAB , BF = −ieAθ̄ΓAσDθ .

– 6 –
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Then the bosonic and the fermionic parts are given by

SB = Tp

∫
dp+1dξ

√
s det(gB + F ) + Tp

∫

Σ
C(p+1) ,

SF = Tp

∫
dp+1dξ

√
s det(gB + F )

1

2
(gB + F )ji(gF − BF )ij

+Tp

∫

Σ

∑

n=1

−√
s

(2n − 1)!
eA1 · · · eA2n−1 θ̄ΓA1···A2n−1

(σ)niσ2Dθ
F p+1−2n

(p + 1 − 2n)!
+ O(θ4) .

Our purpose is to examine the fluctuations around the classical solution. Hence let

us decompose the variables into the fluctuations (expressed with “tilde”) and the back-

ground (2.13) with θ = 0 and Ai = 0 as follows:

XM i = X
M i
0 (ξi) + X̃M i , XM̄i = 0 + X̃M̄i , θ = 0 + θ̃ , Ai = 0 + Ãi ,

where M = {Mi | i = 0, · · · , p } and M̄ = {Mi | i = p + 1, · · · , 9 } .

Here we should remark on the treatment of the longitudinal fluctuations. In order to

maintain the static gauge form (2.13), we have to restrict the longitudinal fluctuation X̃M i

to be X̃M i = X̃M i(ξi) . Then, X̃M i(ξi) however can be absorbed into X
M i
0 (ξi), and hence

X̃M i does not appear in the semiclassical action after all. For F-string case it has already

been discussed in [20]. The vanishing of the longitudinal modes for the F-string is plausible

also from the equivalence between the Nambu-Goto action and Polyakov action. In the

Polyakov action the longitudinal modes should be canceled by conformal ghosts while the

ghosts are not included in the Nambu-Goto action. But in the case of the Nambu-Goto

this cancellation comes from the requirement that the static gauge should be maintained.

Thus, anyway, it is sufficient to consider the transverse fluctuations.

We should comment on the scaling of brane tension. The common radius of AdS5 and

S5, R , can be factored out to be an overall factor of the action. This may replace Tp by

TpR
p+1 = tpλ

p+1

4 , tp =
(
gs(2π)

p−1

2

)−1
,

√
λ ≡ R2

2πα′
. (3.1)

We make λ
p+1

4 be absorbed into the fluctuations Z̃ as Z̃ → λ−
p+1

8 Z̃, thus considering

quadratic fluctuations is equivalent to considering the large λ limit. The cancellation of

the classical contributions is necessary for the consistent large λ limit.3

We will see that the semiclassical AdS-brane actions completely agree with the non-

relativistic AdS-brane actions derived in [19]. The bosonic and the fermionic fluctuations

will be separately discussed below. First the bosonic ones are evaluated for each of the

D-brane configurations. Then the fermionic ones are done in a unified way.

3.1 Bosonic fluctuations

From now on let us consider the bosonic fluctuations. Hereafter the world-sheet Wick

rotation is assumed when we take a Euclidean brane with s = 1 . The metric of AdS5×S5

we take is given in (A.1) and (A.2).

3Now one sees the direct correspondence between the semiclassical limit and the non-relativistic limit

arranged in [19] (see equations (5.1) and (5.2) there).
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D-string (F-string). The bosonic part of the action is given by

LB =
√

s det(gB + F ) d2ξ . (3.2)

Let us consider the AdS2-brane (i.e., (2,0)-brane) and expand (3.2) around the classical

solution

t = t(ξ0) , ρ = ρ(ξ1) .

Here t and ρ depend only on ξ0 and ξ1 , respectively. The induced metric is

g0ij = − cosh2 ρ∂it∂jt + ∂iρ∂jρ = diag (− cosh2 ρ(∂0t)
2, (∂1ρ)2) ,

and the world-sheet geometry is AdS2 rather than flat. It is an easy task to derive

√
s det g0 = cosh ρ∂0t∂1ρ , gij

0 = diag

(
− 1

cosh2 ρ(∂0t)2
,

1

(∂1ρ)2

)
.

Since the induced metric is expanded as follows:

gBij = g0ij + g2ij + · · · , g2ij =

3∑

p=1

sinh2 ρ∂iφ̃p∂j φ̃p + ∂iγ̃∂j γ̃ +

4∑

q=1

∂iϕ̃q∂jϕ̃q ,

F = dÃ ≡ F1 ,

the quadratic part of LB is given by

L2B =
1

2

√
s det g0

[
gij
0 g2ij +

1

2
F1ijF

ij
1

]
,

=
1

2

√
s det g0

[
gij
0 (sinh2 ρ∂iφ̃p∂j φ̃p + ∂iγ̃∂j γ̃ + ∂iϕ̃q∂jϕ̃q) +

1

2
F1ijF

ij
1

]
. (3.3)

By rescaling φ̃p as φ̄p = sinh ρφ̃p , the first term in (3.3) can be rewritten as

1

2

√
s det g0 gij

0 sinh2 ρ∂iφ̃p∂jφ̃p =
1

2

√
s det g0

[
gij
0 ∂φ̄p∂φ̄p + 2φ̄2

p

]
,

where a partial integration has been performed. Thus one can obtain that

S2B = t1

∫
d2ξ

√
s det g0

[
1

2
gij
0 (∂iφ̄p∂j φ̄p + ∂iγ̃∂j γ̃ + ∂iϕ̃q∂jϕ̃q) + φ̄2

p +
1

4
F1ijF

ij
1

]
(3.4)

where R is absorbed into fluctuations. This is just the non-relativistic AdS D-string action

derived in [19]. This reduces to the non-relativistic AdS F-string action derived in [20, 9]

by setting Ã to be zero.

– 8 –
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D3-brane. The bosonic part of the D3-brane action is4

LB =
√

s det(gB + F ) d4ξ + C(4) .

Let us consider the AdS3×S1-brane (i.e., (3,1)-brane) first. The classical solution is given by

(t, ρ, φ1; γ) = (t(ξ0), ρ(ξ1), φ1(ξ
2); γ(ξ3)) .

and the induced metric can be expanded around it as

gB = g0 + g2 + · · · ,

g0ij = diag(− cosh2 ρ(∂0t)
2, (∂1ρ)2, sinh2 ρ(∂2φ1)

2, (∂3γ)2) ,

g2ij = sinh2 ρ cos2 φ1

∑

p=2,3

∂iφ̃p∂jφ̃p + cos2 γ
4∑

q=1

∂iϕ̃q∂jϕ̃q .

Defining the new angle variables:

φ̄p ≡ sinh ρ cos φ1φ̃p , ϕ̄q ≡ cos γϕ̃q ,

the bosonic quadratic action of the DBI part can be rewritten as

1

2

√
s det(gB + F ) gij

0 g2ij

=
√

s det g0

[
1

2
gij
0 (∂iφ̄p∂j φ̄p + ∂iϕ̄q∂jϕ̄q) +

1

2
(3φ̄2

p − ϕ̄2
q) +

1

4
F1ijF

ij
1

]
, (3.5)

where we have performed partial integrations. Then it is turn to consider the WZ part.

The C(4) is now expressed as

C(4) = 4
√

si(− cosh ρ sinh3 ρ cos2 φ1dtdρdφ1φ2dφ3 + cos4 γdγϕ1dϕ2 · · · dϕ4) ,

up to an exact term, and it can be expanded in terms of the fluctuations as

C(4) = C
(4)
2 + · · · ,

and the integration of the quadratic part is given by
∫

C
(4)
2 = −4

√
si

∫
cosh ρ sinh3 ρ cos2 φ1dtdρdφ1φ̃2dφ̃3

= −4
√

si

∫
d4ξ cosh ρ sinh ρ∂0t∂1ρ∂2φ1φ̄2∂3φ̄3

= −4
√

si

∫

Σ
volΣ3

φ̄2dφ̄3 , (3.6)

where Σ3 is the worldvolume extending in the AdS5. Combining (3.5) and (3.6) , one can

obtain the following quadratic action

S2B = t3

∫
d4ξ

√
s det g0

[
1

2
gij
0 (∂iφ̄p∂j φ̄p + ∂iϕ̄q∂jϕ̄q) +

1

2
(3φ̄2

p − ϕ̄2
q) +

1

4
F1ijF

ij
1

]

−4
√

sit3

∫

Σ
volΣ3

φ̄2dφ̄3 . (3.7)

4The supersymmetric actions of D3-branes on the AdS5×S5 and the pp-wave are constructed in [26]

and [27], respectively.
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This is nothing but the non-relativistic AdS D3-brane action derived in [19].

On the other hand, we may consider (1,3)-brane. The shape is actually R×S3 and so

this is related to the giant graviton [28] rather than AdS-branes. The static solution is

given by

(t; γ, ϕ1, ϕ2) = (t(ξ0); γ(ξ1), ϕ1(ξ
2), ϕ2(ξ

3))

as it corresponds to a giant graviton. By carrying out the same analysis, we can obtain

the following quadratic action:

S2B = t3

∫
d4ξ

√
s det g0

[
1

2
gij
0 (∂iρ̃∂j ρ̃ + ∂iφ̄p∂jφ̄p + ∂iϕ̄q∂jϕ̄q)

+
1

2
(ρ̃2 + φ̄2

p − 3ϕ̄2
q) +

1

4
F1ijF

ij
1

]
+ 4

√
sit3

∫

Σ
volΣ′

3
ϕ̄3dϕ̄4 (3.8)

where p = 1, 2, 3 and q = 3, 4. Σ′
3 is the worldvolume extending in the S5.

D5-brane. The bosonic part of the D5-brane action is

LB =
√

s det(gB + F ) d6ξ + C(6) .

Let us consider the AdS4×S2-brane (i.e., (4,2)-brane) first. The classical solution is

(t, ρ, φ1, φ2; γ, ϕ1) = (t(ξ0), ρ(ξ1), φ1(ξ
2), φ2(ξ

3); γ(ξ4), ϕ1(ξ
5)) .

The induced metric is expanded as

gB = g0 + g2 + · · · ,

and the zeroth and the second order parts are given by, respectively,

g0ij = diag(− cosh2 ρ(∂0t)
2, (∂1ρ)2, sinh2 ρ(∂2φ1)

2, sinh2 ρ cos2 φ1(∂3φ2)
2,

(∂4γ)2, cos2 γ(∂5ϕ1)
2) ,

g2ij = sinh2 ρ cos2 φ1 cos2 φ2∂iφ̃3∂jφ̃3 +

4∑

q=2

cos2 γ cos2 ϕ1∂iϕ̃q∂jϕ̃q .

Defining the new variables

φ̄3 ≡ sinh ρ cos φ1 cos φ2φ̃3 , ϕ̄q ≡ cos γ cos ϕ1ϕ̃q ,

one can rewrite the quadratic part of the bosonic DBI action as

1

2

√
s det(gB + F ) gij

0 g2ij =
√

s det g0

[
1

2
gij
0 (∂iφ̄3∂j φ̄3+∂iϕ̄q∂jϕ̄q)+2φ̄2

3−ϕ̄2
q +

1

4
F1ijF

ij
1

]
,

(3.9)

where we have performed partial integrations. Then let us consider the WZ part. Since in

the present metric we have

dC(6) = h7|bosonic =

√
si

3!5
(ǫa1···a5

ea1 · · · ea5 − ǫa′

1
···a′

5
ea′

1 · · · ea′

5)F ,
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the C(6) is expanded as

C(6) = C
(6)
2 + · · · .

The integration of C
(6)
2 is given by

∫
C

(6)
2 = 4

√
si

∫
cosh ρ sinh3 ρ cos2 φ1 cos φ2dtdρdφ1dφ2φ̃3 F1

= 4
√

si

∫

Σ
volΣ4

φ̄3F1 , (3.10)

where volΣ4
= cosh ρ sinh2 ρ cos φ1dtdρdφ1dφ2 . Combining (3.9) and (3.10), one can find

the quadratic action

S2B = t5

∫
d6ξ

√
s det g0

[
1

2
gij
0 (∂iφ̄3∂j φ̄3 + ∂iϕ̄q∂jϕ̄q) + 2φ̄2

3 − ϕ̄2
q +

1

4
F1ijF

ij
1

]

+4
√

sit5

∫

Σ
volΣ4

φ̄3F1 . (3.11)

This is nothing but the non-relativistic AdS D5-brane action derived in [19].

It is also interesting to consider the AdS2×S4-brane case.5 The classical solution is

given by

(t, ρ; γ, ϕ1, ϕ2, ϕ3) = (t(ξ0), ρ(ξ0); γ(ξ0), ϕ1(ξ
0), ϕ2(ξ

0), ϕ3(ξ
0)) .

By following the same line, we can obtain the following quadratic action

S2B = t5

∫
d6ξ

√
s det g0

[
1

2
gij
0 (∂iφ̄p∂j φ̄p + ∂iϕ̄4∂jϕ̄4) + φ̄2

p − 2ϕ̄2
4 +

1

4
F1ijF

ij
1

]

−4
√

sit5

∫

Σ
volΣ′

4
ϕ̄4F1 (3.12)

where p = 1, 2, 3. This also agrees with the result of [19].

D7-brane. The bosonic part of the D5-brane action is

LB =
√

s det(gB + F ) d8ξ + C(8) .

Let us consider the AdS5×S3-brane (i.e., (5,3)-brane) classical solution

(t, ρ, φ1, φ2, φ3; γ, ϕ1, ϕ2) = (t(ξ0), ρ(ξ1), φ1(ξ
2), φ2(ξ

3), φ3(ξ
4); γ(ξ5), ϕ1(ξ

6), ϕ2(ξ
7)) .

The induced metric is expanded as

gB = g0 + g2 + · · · ,

and the zeroth and the second order parts are given by, respectively,

g0ij = diag(− cosh2 ρ(∂0t)
2, (∂1ρ)2, sinh2 ρ(∂2φ1)

2, sinh2 ρ cos2 φ1(∂3φ2)
2,

sinh2 ρ cos2 φ1 cos2 φ2(∂4φ3)
2, (∂5γ)2, cos2 γ(∂6ϕ1)

2, cos2 γ cos2 ϕ1(∂7ϕ2)
2) ,

g2ij =
∑

q=3,4

cos2 γ cos2 ϕ1 cos2 ϕ2∂iϕ̃q∂jϕ̃q .

5This shape may be related to a giant Wilson loop [29].
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Defining the new variable, ϕ̄q ≡ cos γ cos ϕ1 cos ϕ2ϕ̃q , one can rewrite the quadratic part

of the bosonic DBI part as

1

2

√
s det(gB + F ) gij

0 g2ij =
√

s det g0

[
1

2
gij
0 ∂iϕ̄q∂jϕ̄q −

3

2
ϕ̄2

q +
1

4
F1ijF

ij
1

]
,

where we have performed partial integrations.

Then let us consider the WZ part. We can start from the following expression,

dC(8) = h9|bosonic =

√
si

2 · 3! · 5
(
ǫa1···a5

ea1 · · · ea5 − ǫa′

1
···a′

5
ea′

1 · · · ea′

5

)
F 2 ,

and C(8) can be expanded as

C(8) = C
(8)
2 + · · · .

The integration of the quadratic part is given by

∫
C

(8)
2 = −2

√
si

∫

Σ
volΣ5

ÃF1 ,

volΣ5
= cosh ρ sinh3 ρ cos2 φ1 cos φ2dtdρdφ1dφ2dφ3 .

Combining the results we find the fluctuation action

S2B = t7

∫
d8ξ

√
s det g0

[
1

2
gij
0 ∂iϕ̄q∂jϕ̄q−

3

2
ϕ̄2

q +
1

4
F1ijF

ij
1

]
− 2

√
sit7

∫

Σ
volΣ5

ÃF1 . (3.13)

This is nothing but the non-relativistic AdS D7-brane action derived in [19].

Next let us consider the AdS3×S5-brane case, which is slightly different from the

AdS5×S3-brane case. For AdS3×S5-brane case, the classical solution is given by

(t, ρ, φ1; γ, ϕ1, ϕ2, ϕ3, ϕ4) = (t(ξ0), ρ(ξ1), φ1(ξ
2); γ(ξ3), ϕ1(ξ

4), ϕ2(ξ
5), ϕ3(ξ

6), ϕ4(ξ
7)) ,

and we can derive the following action:

S2B = t7

∫
d8ξ

√
s det g0

[
1

2
gij
0 ∂iφ̄p∂j φ̄p +

3

2
φ̄2

p +
1

4
F1ijF

ij
1

]
+ 2

√
sit7

∫

Σ
volΣ′

5
ÃF1 , (3.14)

where p = 2, 3. This is also nothing but the non-relativistic AdS D7-brane action derived

in [19]. Here it should be noted that no tachyonic mode is contained in the mass spectrum.

This fact would basically be based on the topological reason that the S5 part of the brane

is wrapped around the S5 part of the AdS5×S5 background. It should stabilize the solution

even if the supersymmetries are broken due to some effect.

3.2 Fermionic fluctuations

Next we shall consider the fermionic fluctuations. As mentioned before, the fermionic part

can be discussed in a unified way in comparison to the bosonic part, i.e., it does not almost

depend on the dimensionality of Dp-branes. Hence we will discuss the fermionic part of all

D-branes at a time.
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Expanding about the classical solution, we can derive the quadratic action for the

fermionic variables:

S2F = Tp

∫
dp+1ξ

√
s det g0 gij

0 i
¯̃
θγi(Dj θ̃)0

−Tp

∫

Σ

√
s

p!
eA1

0 · · · eAp

0
¯̃θΓA1···Ap(σ)

p+1

2 iσ2(Dθ̃)0 ,

where the covariant derivative is defined as

(Dθ̃)0 = dθ̃ +
1

2
eA
0 Γ̂Aiσ2θ̃ +

1

4
ωAB

0 ΓAB θ̃ , γi = (e0)
A
i ΓA

where subscript 0 means classical value. The quadratic action S2B +S2F is invariant under

the following fermionic symmetry

δκθ̃ = (1 + Γ0)κ ,

Γ0 =
s
√−s√
s det g0

(σ)n−
p−3

2 iσ2
1

(p + 1)!
ǫi1···ip+1(e0)

A0

i1
· · · (e0)

Ap

ip+1
ΓA0···Ap ,

=
√
−sΓA0···Apρ ≡ M , ρ =

{
σ1 for p = 1 mod 4

iσ2 for p = 3 mod 4
. (3.15)

For F-string case, ρ = σ3. This symmetry is inherited from the κ-symmetry of Dp-brane

action

δκθ = (1 + Γ)κ ,

Γ =
s
√−s√

s det(g + F)

∑

n=0

1

2nn!
Γj1k1···jnknFj1k1

· · · Fjnkn

×(−1)n(σ)n−
p−3

2 iσ2
1

(p + 1)!
ǫi1···ip+1Γi1···ip+1

,

where Γi = LA
i ΓA . Fixing the fermionic symmetry (3.15) with the condition

θ̃+ = 0 , θ̃± = P±θ̃± , P± =
1

2
(1 ± M) ,

we obtain the gauge fixed action:

S2F = tp

∫
dp+1ξ

√
s det g0 2igij

0 ϑ̄γi(Djϑ)0 ,

where we have absorbed R by rescaling θ̃ and denoted ϑ ≡ θ̃−. This is the fermionic part

of non-relativistic AdS Dp-brane action derived in [19].

Finally we comment on the mass term contained in (Dϑ)0 . The vielbein and spin

connection on the (p+1)-dimensional world-volume for our classical solutions are given by

êα
i = ∂iX

M
0 (e0)

α
M , ω̂αβ

i = ∂iX
M
0 (ω0)

αβ
M ,

where α is the tangential-vector index. By using the (p+1)-dimensional spinorial derivative

defined by

∇i = ∂i +
1

4
ω̂αβ

i Γαβ ,
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one can find that

(Diϑ)0 = ∇iϑ +
1

2
(e0)

A
i Γ̂Aiσ2ϑ .

So for (m,n)-branes

gij
0 ϑ̄γi

1

2
(e0)

A
j Γ̂Aiσ2ϑ = −m + n

2
gij
0 ϑ̄Iiσ2ϑ ,

where we have used Iθ = −J θ which follows from Γ01···9θ = θ. Thus

S2F = tp

∫
dp+1ξ

√
s det g0 2i

[
gij
0 ϑ̄γi∇jϑ − m + n

2
ϑ̄Iiσ2ϑ

]
. (3.16)

This is the action for 8 massive fermions propagating on AdSm×Sn for the (m,n)-branes.

Thus we have shown that the non-relativistic actions constructed in [19] can be repro-

duced from the semiclassical limit around static 1/2 BPS D-brane configurations.

4. Gauge theory side

In the previous section we have shown that the non-relativistic limit is nothing but a

semiclassical approximation around a static configuration. In this section, we argue the

corresponding composite operators in the gauge theory side, according to the semiclassical

interpretation for the non-relativistic limit.

4.1 BMN dictionary

Before considering the non-relativistic limit, it is helpful to remember the pp-wave case [5,

17]. The pp-wave string can be seen as a semiclassical approximation around a BPS particle

solution rotating at the velocity of light. The solution has a U(1) charge J associated with

the rotation. Then in the gauge theory side it corresponds to a single trace operator

Tr(ZJ) , Z ≡ φ5 + iφ6 . (4.1)

The solution is invariant under SO(4)×SO(4) and the fluctuations are represented by in-

sertions of impurities:

DµZ (µ = 0, 1, 2, 3) , φI (I = 1, 2, 3, 4) ,

into the vacuum operator (4.1). Here it should be noted that DµZ has bare scaling dimen-

sion 2 but Z carries the U(1) charge 1, and hence ∆ − J = 1 .

4.2 Dictionary in non-relativistic limit

Let us consider the non-relativistic string theory. The world-sheet geometry is AdS2 and

it ends on the AdS boundary. Hence a straight Wilson line6

W = Tr P exp

[∫
dt (iA0 + φ)

]
, φ =

6∑

i=1

niφi .

6Here we discuss a single AdS2-brane and the representation of the corresponding Wilson line is repre-

sented by a single box in terms of Young tableau.
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is contained in the gauge theory side. This is 1/2 BPS and invariant under SO(3)×SO(5).

Hereafter we will fix the six-dimensional vector ni as ni = (0, . . . , 0, 1) .

In analogy with the semiclassical interpretation for the Penrose limit [17], it is plausible

to identify the Wilson line with the vacuum operator. From the mass spectrum of the non-

relativistic string, its transverse symmetry is SO(3)×SO(5) and it should be related to the

fluctuations. Then we argue that the fluctuations would be represented by the insertions

of the following impurities:

Daφ6 + iFa0 (a = 1, 2, 3) , φa′

(a′ = 1, . . . , 5) . (4.2)

For the AdS directions, the field strength is included in comparison to the BMN case. Here

we should note the difference of the scaling dimensions 1 between AdS5 and S5 directions.

It is closly related to the difference between the masses of non-relativistic string as we will

see later.

We will see some supports for the dictionary (4.2) below.

4.3 Wilson loop expansion

The dictionary (4.2) is supported also by another argument based on expanding a Wilson

loop, following the method developed in [30].

Let us consider the Taylor expansion of Wilson line

W (C) = Tr

[
P exp

(∫ sf

si

ds
(
iAµ(x(s))ẋµ(s) + φiẏ

i(s)
))]

around the straight Wilson line C0

x0
C0

(s) = s , ẏi
C0

(s) = (0, 0, 0, 0, 0, 1) ,

by considering a small deformation like W (C) = W (C0 + δC) [30].

The Wilson line can be expanded as

W (C) = W (C0) +

∫ sf

si

ds δxµ(s)
δW (C)

δxµ(s)

∣∣∣∣
C=C0

+

∫ sf

si

ds δẏi(s)
δW (C)

δẏi(s)

∣∣∣∣
C=C0

+
1

2

∫ sf

si

ds1

∫ sf

si

ds2 δxµ(s1)δx
ν(s2)

δ2W (C)

δxµ(s1)δxν(s2)

∣∣∣∣
C=C0

+ · · · . (4.3)

The zeroth order term is nothing but the straight Wilson line. Then the first order term

is evaluated as

δW (C)

δxµ(s)

∣∣∣∣
C=C0

= Tr

[(
iFµν(x(s))ẋν(s) + Dµφi(x(s))ẏi(s)

)
×

×P exp

(∫ s+sf

s+si

ds′
(
iAµ(x(s′))ẋµ(s′) + φiẏ

i(s′)
))]∣∣∣∣

C=C0

= Tr

[
(iFµ0 + Dµφ6) P exp

(∫ ∞

−∞

dt (iA0 + φ6)

)]
, (4.4)

δW (C)

δẏi(s)

∣∣∣∣
C=C0

= Tr

[
φi P exp

(∫ ∞

−∞

dt (iA0 + φ6)

)]
. (4.5)
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The fluctuations are expanded as

δxµ(s) =
∞∑

n=−∞

δxµ
ne2πins/(sf−si) , δẏi(s) =

∞∑

n=−∞

δẏi
ne2πins/(sf−si) ,

and those give the following relations:

∑

n

δxµ
n

∫ sf

si

ds
δW (C)

δxµ(s)

∣∣∣∣
C=C0

e2πins/(sf−si) = δxµ
0 × (4.4) ,

∑

n

δẏi
n

∫ sf

si

ds δẏi(s)
δW (C)

δẏi(s)

∣∣∣∣
C=C0

e2πins/(sf−si) = δẏi
0 × (4.5) .

By letting

δx0 = δẏ6 = 0 , (4.6)

we are left with the impurities given in (4.2). The condition (4.6) will be supported from

a supersymmetry argument.

Supersymmetry. The straight Wilson line W (C0) is 1/2 BPS. As one can easily see,

the supersymmetry variation7 δǫW (C0) vanishes when

(ẋµ
C0

Γµ − iẏi
C0

Γi)ǫ = 0 ,

which implies the locally supersymmetric condition

(ẋµ
C0

)2 − (ẏi
C0

)2 = 0 .

The straight Wilson line W (C0) indeed satisfies the condition.

Then let us consider linear fluctuations around W (C0) . The supersymmetry transfor-

mation for the fluctuations vanishes when the following relation is satisfied:

[
(ẋµ

C0
+ δẋµ)Γµ − i(ẏi

C0
+ δẏi)Γi

]
ǫ = 0 .

It implies that

δẋ0 − δẏ6 = 0 .

On the other hand, one may choose as

δẋ0 + δẏ6 = 0

by using the SO(1,1) symmetry. Thus the linear fluctuations are locally supersymmetric

and 1/2 BPS when δẋ0 = 0 and δẏ6 = 0 . The former means δx0 = 0 as the Wilson line

is characterized by xµ. In fact, we have just seen above that impurities (4.2) appeared as

fluctuations satisfying δx0 = δẏ6 = 0 .

7The supersymmetry transformation is given by δǫAµ = iΨ̄Γµǫ and δǫφi = iΨ̄Γiǫ .
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4.4 Supergravity modes in non-relativistic limit

Next let us consider the fluctuations by focusing upon the supergravity modes. These

should be BPS and protected from quantum corrections. Then the mass dimensions of the

fluctuations can be computed following [2].

We show that the mass dimensions of the fluctuations propagating in AdS2 evaluated

at the boundary are equal to the conformal dimensions of the conjectured impurities. The

masses of the fluctuations are easily derived from (3.4) with F = 0 and (3.16) as

m2
B = 2 for φ̄ , m2

B = 0 for γ̃, ϕ̃ (4.7)

and m2
F = 1 for ϑ. The mass dimensions of scalars can be evaluated at the boudary as

follows [2]:

∆ =
1

2

(
1 +

√
1 + 4m2

)
. (4.8)

By substituting (4.7) for (4.8), it follows that

∆(φ̄) = 2 and ∆(γ̃, ϕ̃) = 1 .

On the other hand, the conformal dimensions of impurities are

2 for Daφ6 + iFa0 and 1 for φa′

.

Thus we find the agreement of the mass dimensions of the fluctuations and the conformal

dimensions of the impurities. This provides a further support of our conjecture.

Finally we comment on the stringy excitation modes. The quantum spectrum of the

non-relativistic string has not been obtained yet by solving the theory. The world-sheet

theory is free but the world-sheet geometry is AdS2 rather than flat, and the quantization

of it is more involved. Furthermore, unlike the pp-wave string case, the U(1) charge J is not

included in the present case. Thus the BMN trick does not work and hence perturbation

theory would be useless in comparing the gauge side with the string result. Anyway, it

would be difficult to check the above dictionary at stringy level.

5. Summary and discussions

We have derived non-relativistic actions of string and D-branes on AdS5×S5 from a semi-

classical approximation around static configurations. Then the AdS/CFT dictionary in the

non-relativistic limit, which is a new solvable sector pointed out in [9], has been argued

on the basis of the semiclassical interpretation and the symmetry argument. We speculate

that a state of non-relativistic string would correspond to a small deformation of 1/2 BPS

straight Wilson line.

Here it may be valuable to comment on the difference of setups between ours and [31,

32]. In the case of [31, 32] a deformed Wilson loop with “long” composite operators

is considered and a large U(1)R charge is included as the length of the long operators

unlike our case. Therefore perturbation theory works in the case of [31, 32] to check the
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correspondence even at stringy level and it is also an interesting direction to study the

deformed Wilson loops furthermore (For the works in this direction, see [31 – 34]). On the

other hand, it would be quite difficult in our case to test at the strigy level.

It would be another direction to study a semiclassical approximation of M-branes. The

non-relativistic M-brane actions have already been obtained in our previous paper [19]. We

will report on this issue in another place in the near future [35].

We hope that our result could be a new clue of the study of AdS/CFT correspondence.
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A. The supervielbeins on AdS5×S5

Here we will construct the supervielbeins on the AdS5×S5 background, in order to make

the manuscript self-contained and fix the notations and conventions.

First of all, let us introduce the metric of AdS5×S5 background:

ds2
AdS = − cosh2 ρdt2 + dρ2 + sinh2 ρ

[
dφ2

1 + cos2 φ1(dφ2
2 + cos2 φ2dφ2

3)
]
, (A.1)

ds2
S = dγ2 + cos2 γ

[
dϕ2

1 + cos2 ϕ1(dϕ2
2 + cos2 ϕ2

(
dϕ2

3 + cos2 ϕ3dϕ2
4)

)]
. (A.2)

As we factor out the radii R of AdS5 and S5 to be an overall factor in the action, the

geometrical objects collected here are for R = 1. Then for the AdS5 part, one can read off

from (A.1) the vielbein ea (a = 0, 1, · · · , 4) as

ea = (cosh ρdt, dρ, sinh ρdφ1, sinh ρ cos φ1dφ2, sinh ρ cos φ1 cos φ2dφ3) .

The spin connection is defined by dea = −ωa
be

b , and the non-trivial components of the

spin connection for the AdS5 part, are

ω0
1 = sinh ρdt , ω2

1 = cosh ρdφ1 , ω3
1 = cosh ρ cos φ1dφ1 , ω3

2 = − sin φ1dφ2 ,

ω4
1 = cosh ρ cos φ1 cos φ2dφ3 , ω4

2 = − sin φ1 cos φ2dφ3 , ω4
3 = − sin φ2dφ3 .

Next, for the S5 part, the vielbein ea′

(a′ = 5, 6, · · · , 9) is seen from (A.2) as

ea′

= (dγ, cos γdϕ1, cos γ cos ϕ1dϕ2,

cos γ cos ϕ1 cos ϕ2dϕ3, cos γ cos ϕ1 cos ϕ2 cos ϕ3dϕ4) .

– 18 –



J
H
E
P
0
5
(
2
0
0
7
)
0
5
1

The non-zero components of the spin connection are given by

ω6
5 =− sin γdϕ1 , ω7

5 =− sin γ cos ϕ1dϕ2 , ω7
6 =− sin ϕ1dϕ2 ,

ω8
5 =− sin γ cos ϕ1 cos ϕ2dϕ3 , ω8

6 =− sinϕ1 cos ϕ2dϕ3 , ω8
7 =− sin ϕ2dϕ3 ,

ω9
5 =− sin γ cos ϕ1 cos ϕ2 cos ϕ3dϕ4, ω9

6 =− sinϕ1 cos ϕ2 cos ϕ3dϕ4 ,

ω9
7 =− sin ϕ2 cos ϕ3dϕ4, ω9

7 =− sinϕ3dϕ4 .

Then it is turn to consider the supervielbeins on AdS5×S5 , which can be obtained via

the coset construction with the coset superspace:

AdS5×S5 ∼ PSU(2, 2|4)
SO(1, 4) × SO(5)

. (A.3)

The super-AdS5×S5 algebra is represented by the super Lie algebra psu(2, 2|4) , whose

commutation relations are given by

[Pa, Pb] = α2Jab , [Pa′ , Pb′ ] = −α2Ja′b′ ,

[Pa, Jbc] = ηabPc − ηacPb , [Pa′ , Jb′c′ ] = ηa′b′Pc′ − ηa′c′Pb′ ,

[Jab, Jcd] = ηbcJad + 3-terms , [Ja′b′ , Jc′d′ ] = ηb′c′Ja′d′ + 3-terms ,

[QI , PA] = −α

2
QJ(iσ2)JI Γ̂A , [QI , JAB ] = −1

2
QIΓAB , (A.4)

{QI , QJ} = 2iCΓAδIJh+PA − iαCΓ̂AB(iσ2)IJh+JAB ,

where A = (a, a′). α ≡ 1/R is set to be 1 in the body of the paper.

Then the gamma matrix ΓA ∈ Spin(1,9) satisfies

{ΓA,ΓB} = 2ηAB , (ΓA)T = −CΓAC−1 , CT = −C ,

where C is the charge conjugation matrix and the Minkowski metric ηAB is almost positive.

Furthermore we have introduced the following quantities:

Γ̂A = (−ΓaI,Γa′J ) , Γ̂AB = (−ΓabI,Γa′b′J ) , I = Γ01234 , J = Γ56789 ,

QIh+ = QI , h+ =
1

2
(1 + Γ11) , Γ11 = Γ01···9 .

Now the supervielbeins LA and Lα, and super spin connection LAB can be read from

the left-invariant Cartan one-form defined by

g−1dg = LAPA +
1

2
LABJAB + QαLα ,

where g is an element of the supercoset (A.3) and it is parametrized as

g = gxgθ , gθ = eQθ , Q = (Q1, Q2) , θ =

(
θ1

θ2

)
,

and gx and gθ are the bosonic and the fermionic elements, respectively. Here we note that

gx should satisfy, by definition, that

g−1
x dgx = eAPA +

1

2
ωABJAB ,
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where eA and ωAB are the vielbein and the spin connection of AdS5×S5 .

After some algebra, we finally obtain the explicit expressions of the supervielbeins and

super spin connection as follows8

LA = eA + 2i
∞∑

n=1

θ̄ΓAM2n−2

(2n)!
Dθ = eA + 2iθ̄ΓA

(
coshM− 1

M2

)
Dθ ,

Lα =

∞∑

n=0

M2n

(2n + 1)!
Dθ =

sinhM
M Dθ ,

LAB = ωAB − 2iαθ̄Γ̂ABiσ2

∞∑

n=1

M2n−2

(2n)!
Dθ = ωAB − 2iαθ̄Γ̂ABiσ2

coshM− 1

M2
Dθ

with

M2 = iα

(
Γ̂Aiσ2θ θ̄ΓA − 1

2
ΓABθ θ̄Γ̂ABiσ2

)
,

Dθ = dθ +
α

2
eAΓ̂Aiσ2θ +

1

4
ωABΓABθ . (A.5)

By construction these should satisfy the following MC equations:

dLA = −ηBCLABLC + iL̄ΓAL ,

dLab = −α2LaLb − ηcdL
caLbd − iαL̄Γ̂abiσ2L , (A.6)

dLa′b′ = +α2La′

Lb′ − ηc′d′L
c′a′

Lb′d′ − iαL̄Γ̂a′b′iσ2L ,

dLα = −α

2
LAΓ̂Aiσ2L − 1

4
LABΓABL ,

which are equivalent to the psu(2, 2|4) algebra (A.4).

References

[1] J.M. Maldacena, The large N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [Int. J. Mod. Phys. A 38 (1999) 1113] [hep-th/9711200].

[2] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical

string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109];

E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253

[hep-th/9802150].

[3] R.R. Metsaev and A.A. Tseytlin, Type IIB superstring action in AdS5 × S5 background,

Nucl. Phys. B 533 (1998) 109 [hep-th/9805028].

[4] I. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdS5 × S5 superstring, Phys.

Rev. D 69 (2004) 046002 [hep-th/0305116].

[5] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and pp waves from N=4

super Yang Mills, JHEP 04 (2002) 013 [hep-th/0202021].

8The differential d acts as d(F ∧G) = dF ∧G+(−1)fF ∧dG (where f is the degree of F ), and commutes

with θ.

– 20 –

http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C231
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C231
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=IMPAE%2CA38%2C1113
http://arxiv.org/abs/hep-th/9711200
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB428%2C105
http://arxiv.org/abs/hep-th/9802109
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C2%2C253
http://arxiv.org/abs/hep-th/9802150
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB533%2C109
http://arxiv.org/abs/hep-th/9805028
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C046002
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C046002
http://arxiv.org/abs/hep-th/0305116
http://jhep.sissa.it/stdsearch?paper=04%282002%29013
http://arxiv.org/abs/hep-th/0202021


J
H
E
P
0
5
(
2
0
0
7
)
0
5
1

[6] R. Penrose, Any spacetime has a plane wave as a limit, Differential geometry and relativity,

Reidel, Dordrecht (1976);

R. Gueven, Plane wave limits and T-duality, Phys. Lett. B 482 (2000) 255 [hep-th/0005061];

M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, Penrose limits and maximal

supersymmetry, Class. and Quant. Grav. 19 (2002) L87 [hep-th/0201081].

[7] R.R. Metsaev, Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond

background, Nucl. Phys. B 625 (2002) 70 [hep-th/0112044].

[8] R.R. Metsaev and A.A. Tseytlin, Exactly solvable model of superstring in plane wave

Ramond-Ramond background, Phys. Rev. D 65 (2002) 126004 [hep-th/0202109].

[9] J. Gomis, J. Gomis and K. Kamimura, Non-relativistic superstrings: A new soluble sector of

AdS5 × S5, JHEP 12 (2005) 024 [hep-th/0507036].

[10] J. Gomis and H. Ooguri, Non-relativistic closed string theory, J. Math. Phys. 42 (2001) 3127

[hep-th/0009181];

U.H. Danielsson, A. Guijosa and M. Kruczenski, IIA/B, wound and wrapped, JHEP 10

(2000) 020 [hep-th/0009182].

[11] J. Brugues, T. Curtright, J. Gomis and L. Mezincescu, Non-relativistic strings and branes as

non-linear realizations of Galilei groups, Phys. Lett. B 594 (2004) 227 [hep-th/0404175].

[12] J. Gomis, K. Kamimura and P.K. Townsend, Non-relativistic superbranes, JHEP 11 (2004)

051 [hep-th/0409219].

[13] J. Gomis, F. Passerini, T. Ramirez and A. Van Proeyen, Non relativistic Dp-branes, JHEP

10 (2005) 007 [hep-th/0507135].

[14] K. Kamimura and T. Ramirez, Brane dualities in non-relativistic limit, JHEP 03 (2006) 058

[hep-th/0512146].

[15] J. Brugues, J. Gomis and K. Kamimura, Newton-Hooke algebras, non-relativistic branes and

generalized pp-wave metrics, Phys. Rev. D 73 (2006) 085011 [hep-th/0603023].

[16] G.W. Gibbons and C.E. Patricot, Newton-Hooke space-times, Hpp-waves and the

cosmological constant, Class. and Quant. Grav. 20 (2003) 5225 [hep-th/0308200].

[17] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, A semi-classical limit of the gauge/string

correspondence, Nucl. Phys. B 636 (2002) 99 [hep-th/0204051].

[18] S. Frolov and A.A. Tseytlin, Semiclassical quantization of rotating superstring in AdS5 × S5,

JHEP 06 (2002) 007 [hep-th/0204226].

[19] M. Sakaguchi and K. Yoshida, Non-relativistic AdS branes and Newton-Hooke superalgebra,

JHEP 10 (2006) 078 [hep-th/0605124].

[20] N. Drukker, D.J. Gross and A.A. Tseytlin, Green-Schwarz string in AdS5 × S5: Semiclassical

partition function, JHEP 04 (2000) 021 [hep-th/0001204].

[21] S.J. Rey and J.T. Yee, Macroscopic strings as heavy quarks in large N gauge theory and

anti-de Sitter supergravity, Eur. Phys. J. C 22 (2001) 379 [hep-th/9803001];

J.M. Maldacena, Wilson loops in large N field theories, Phys. Rev. Lett. 80 (1998) 4859

[hep-th/9803002].

– 21 –

http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB482%2C255
http://arxiv.org/abs/hep-th/0005061
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C19%2CL87
http://arxiv.org/abs/hep-th/0201081
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB625%2C70
http://arxiv.org/abs/hep-th/0112044
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD65%2C126004
http://arxiv.org/abs/hep-th/0202109
http://jhep.sissa.it/stdsearch?paper=12%282005%29024
http://arxiv.org/abs/hep-th/0507036
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA%2C42%2C3127
http://arxiv.org/abs/hep-th/0009181
http://jhep.sissa.it/stdsearch?paper=10%282000%29020
http://jhep.sissa.it/stdsearch?paper=10%282000%29020
http://arxiv.org/abs/hep-th/0009182
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB594%2C227
http://arxiv.org/abs/hep-th/0404175
http://jhep.sissa.it/stdsearch?paper=11%282004%29051
http://jhep.sissa.it/stdsearch?paper=11%282004%29051
http://arxiv.org/abs/hep-th/0409219
http://jhep.sissa.it/stdsearch?paper=10%282005%29007
http://jhep.sissa.it/stdsearch?paper=10%282005%29007
http://arxiv.org/abs/hep-th/0507135
http://jhep.sissa.it/stdsearch?paper=03%282006%29058
http://arxiv.org/abs/hep-th/0512146
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C085011
http://arxiv.org/abs/hep-th/0603023
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C20%2C5225
http://arxiv.org/abs/hep-th/0308200
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB636%2C99
http://arxiv.org/abs/hep-th/0204051
http://jhep.sissa.it/stdsearch?paper=06%282002%29007
http://arxiv.org/abs/hep-th/0204226
http://jhep.sissa.it/stdsearch?paper=10%282006%29078
http://arxiv.org/abs/hep-th/0605124
http://jhep.sissa.it/stdsearch?paper=04%282000%29021
http://arxiv.org/abs/hep-th/0001204
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=EPHJA%2CC22%2C379
http://arxiv.org/abs/hep-th/9803001
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C80%2C4859
http://arxiv.org/abs/hep-th/9803002


J
H
E
P
0
5
(
2
0
0
7
)
0
5
1

[22] M. Cederwall, A. von Gussich, B.E.W. Nilsson, P. Sundell and A. Westerberg, The Dirichlet

super-p-branes in ten-dimensional type IIA and IIB supergravity, Nucl. Phys. B 490 (1997)

179 [hep-th/9611159];

E. Bergshoeff and P.K. Townsend, Super D-branes, Nucl. Phys. B 490 (1997) 145

[hep-th/9611173].

[23] M. Aganagic, C. Popescu and J.H. Schwarz, D-brane actions with local kappa symmetry,

Phys. Lett. B 393 (1997) 311 [hep-th/9610249]; Gauge-invariant and gauge-fixed D-brane

actions, Nucl. Phys. B 495 (1997) 99 [hep-th/9612080].

[24] K. Skenderis and M. Taylor, Branes in AdS and pp-wave spacetimes, JHEP 06 (2002) 025

[arXive:hep-th/0204054].

[25] M. Sakaguchi and K. Yoshida, D-branes of covariant AdS superstrings, Nucl. Phys. B 684

(2004) 100 [hep-th/0310228];

For a proof in the full order of θ , see Notes on D-branes of type IIB string on AdS5 × S5,

Phys. Lett. B 591 (2004) 318 [hep-th/0403243];

For a short summary, see D-branes of covariant AdS superstrings: An overview,

hep-th/0408208.

For a generalization including gauge field condensates, see Noncommutative D-brane from

covariant AdS superstring, hep-th/0604039.

[26] R.R. Metsaev and A.A. Tseytlin, Supersymmetric D3 brane action in AdS5 × S5, Phys. Lett.

B 436 (1998) 281 [hep-th/9806095].

[27] R.R. Metsaev, Supersymmetric D3 brane and N = 4 SYM actions in plane wave backgrounds,

Nucl. Phys. B 655 (2003) 3 [hep-th/0211178].

[28] J. McGreevy, L. Susskind and N. Toumbas, Invasion of the giant gravitons from anti-de

Sitter space, JHEP 06 (2000) 008 [hep-th/0003075];

M.T. Grisaru, R.C. Myers and O. Tafjord, SUSY and Goliath, JHEP 08 (2000) 040

[hep-th/0008015];

A. Hashimoto, S. Hirano and N. Itzhaki, Large branes in AdS and their field theory dual,

JHEP 08 (2000) 051 [hep-th/0008016].

[29] J. Gomis and F. Passerini, Holographic Wilson loops, JHEP 08 (2006) 074 [hep-th/0604007].

[30] A. Miwa, BMN operators from Wilson loop, JHEP 06 (2005) 050 [hep-th/0504039].

[31] N. Drukker and S. Kawamoto, Small deformations of supersymmetric Wilson loops and open

spin-chains, JHEP 07 (2006) 024 [hep-th/0604124].

[32] A. Miwa and T. Yoneya, Holography of Wilson-loop expectation values with local operator

insertions, JHEP 12 (2006) 060 [hep-th/0609007].

[33] A.A. Tseytlin and K. Zarembo, Wilson loops in N=4 SYM theory: Rotation in S5, Phys.

Rev. D 66 (2002) 125010 [hep-th/0207241].

[34] A. Tsuji, Holography of Wilson loop correlator and spinning strings, hep-th/0606030.

[35] M. Sakaguchi and K. Yoshida, in preparation.

– 22 –

http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB490%2C179
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB490%2C179
http://arxiv.org/abs/hep-th/9611159
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB490%2C145
http://arxiv.org/abs/hep-th/9611173
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB393%2C311
http://arxiv.org/abs/hep-th/9610249
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB495%2C99
http://arxiv.org/abs/hep-th/9612080
http://jhep.sissa.it/stdsearch?paper=06%282002%29025
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB684%2C100
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB684%2C100
http://arxiv.org/abs/hep-th/0310228
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB591%2C318
http://arxiv.org/abs/hep-th/0403243
http://arxiv.org/abs/hep-th/0408208
http://arxiv.org/abs/hep-th/0604039
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB436%2C281
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB436%2C281
http://arxiv.org/abs/hep-th/9806095
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB655%2C3
http://arxiv.org/abs/hep-th/0211178
http://jhep.sissa.it/stdsearch?paper=06%282000%29008
http://arxiv.org/abs/hep-th/0003075
http://jhep.sissa.it/stdsearch?paper=08%282000%29040
http://arxiv.org/abs/hep-th/0008015
http://jhep.sissa.it/stdsearch?paper=08%282000%29051
http://arxiv.org/abs/hep-th/0008016
http://jhep.sissa.it/stdsearch?paper=08%282006%29074
http://arxiv.org/abs/hep-th/0604007
http://jhep.sissa.it/stdsearch?paper=06%282005%29050
http://arxiv.org/abs/hep-th/0504039
http://jhep.sissa.it/stdsearch?paper=07%282006%29024
http://arxiv.org/abs/hep-th/0604124
http://jhep.sissa.it/stdsearch?paper=12%282006%29060
http://arxiv.org/abs/hep-th/0609007
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD66%2C125010
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD66%2C125010
http://arxiv.org/abs/hep-th/0207241
http://arxiv.org/abs/hep-th/0606030

